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Most of us think of complex analysis when we hear the name of Augustin-Louis Cauchy (1789–1857)—rightfully so,
since he was the founder of complex function theory of one variable. Cauchy has been described as “the greatest
French mathematician of his time, the heir of Euler, Lagrange, Laplace and other great mathematicians in the
eighteenth century. He led what has been described as the rst revolution of rigour in mathematics” [4, p. 80].
What tends to be overlooked is his appealing approach to real analysis, as presented in an 1821 text based on his
lectures at the École Polytechnique in Paris. The Analyse algébrique is the rst part of a projected Cours d’analyse which
Cauchy never completed. Curriculum changes made in 1822 rendered his planned second volume obsolete before it
was written, since it was not aligned with the reduction of the foundational emphasis. Thus we follow the common
parlance and refer to Analyse algébrique as Cauchy’s Cours d’analyse. It is also worth mentioning that we rely on the
excellent English translation by Bradley and Sandifer [1] for this discussion, rather than quoting the original French
text, which is available in digitized form at [2].

Figure 1. Augustin-Louis Cauchy around 1840.

In 1821 the École Polytechnique maintained the position it had held since 1794, as the rst and most prestigious
institution in the world for training engineers. Its curriculum in physics and mathematics was renowned, and students
competed vigorously for the 200 seats available in each year’s class [3, p. 5]. Cauchy had been appointed to the faculty
in 1815 as a substitute for Louis Poinsot; in 1816 he was elevated to full professor as a consequence of political
alignment. Speci cally, royalists were removing the in luence of the Napoleonic regime and, given the existing
Bonapartist sympathies of the school, “seized on a pretext in April 1815 to send the students home and reform the
school” [3, p. 35]. Since Cauchy was a staunch royalist, he was an obvious candidate to be promoted a ter the purge of
liberal professors.

Cauchy’s task was to teach calculus to future engineers, which included an expectation to prepare textbooks [3, p. 35]. However, Ioan James and other scholars have argued
that his true purpose was more theoretical, with the result that the book exerted a profound impact on the discipline of mathematics: “Despite its name it was never
intended as a textbook, and never used as such; however Cauchy’s work is the source from which the classic Cours d’analyse of Jordan and others are ultimately derived” [4, p.
84].
Keeping the environment at École Polytechnique and these discrepancies in audience in mind, here is Cauchy’s chosen approach for deriving the addition formula for cos(x):

Problem: To determine the function φ(x) in such a manner that it remains continuous between any two real limits of the
variable x and so that for all real values of the variables x and y we have φ(y + x) + φ(y – x) = 2 φ(x) φ(y) [1, p. 77].

That’s an interesting question; given the fact that students consistently forget the trigonometric identities, a solution would not be immediately obvious even if we posed
this problem to students of real analysis in the 21st century. Indeed, it takes Cauchy many pages of methodical calculations to be able to say the two functions cos(ax) and ½
(Ax +A–x) have the common property of satisfying the given equation, so perhaps one would not want to actually grade the results of assigning this as an actual problem,
either now or in the past.
The framing of Cauchy’s conclusion is also noteworthy. He begins his solution to the problem by taking x = 0, so he closes with

Both of these functions still reduce to one for x = 0. But one essential di ference
between the rst and second is that the numerical value of the rst is
constantly less than the limit 1, whenever it does reach this limit, while under
the same hypothesis, the numerical value of the second is constantly above the
limit 1 [1, p. 83].

For the record, Cauchy was not the rst to note the parallels between the trigonometric and hyperbolic
functions—Lambert had observed them in 1768. But this parallel is not mentioned in any methodical way in
the current mathematics curriculum; in fact, it’s possible not to encounter hyperbolic functions until
graduate school. Speci cally, this connection is not highlighted in modern introductory texts, where
hyperbolic functions are rarely mentioned and the parallel between the trigonometric and hyperbolic
functions is glossed over.
Jeremy Gray has described Cauchy’s teaching in 1821 as “de n[ing] and discuss[ing] a number of concepts
with a remarkable, novel, degree of precision” [3, p. 35]. That’s a laudable goal for any mathematical lecture,
although it also carries the implicit assumption that the lecture is appropriate for the target audience.
Cauchy sometimes failed in this respect: James noted that “there were objections that his courses were overambitious, and that he gave too much time to pure rather than applied mathematics” [4, p. 86].
This episode may therefore be connected with the following personal observation from my 20 years of
teaching undergraduates: Students bene t from more diverse methods in presenting material; a holistic approach
may succeed in providing a gateway to traditionally underrepresented groups into mathematics. Thus, it
would be worthwhile to consider taking a cue from Cauchy by choosing to show the hidden connections
early on, rather than waiting until students progress further in their mathematical journeys.

Figure 2. Title page of Cours d’analyse.
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