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Article de Couverture

Réconciliation en mathématiques

Keith F. Taylor (Université Dalhousie) 

Le 19 septembre 2007, la Convention de règlement relative aux pensionnats indiens (la «
Convention ») est entrée en vigueur. Fruit d’un long processus impliquant des recours collectifs
dans plusieurs tribunaux du Canada, elle a été signée par le Consortium national (formé de vingt
cabinets juridiques représentant d’anciennes et anciens élèves des pensionnats), plusieurs entités
religieuses canadiennes et le gouvernement du Canada. Les tribunaux provinciaux et territoriaux
ont approuvé la Convention, qui était, à l’époque, le plus important règlement extrajudiciaire de
l’histoire du Canada. Voir [1] pour un compte rendu détaillé de l’historique et des conséquences à
ce jour de la Convention. 

Outre l’octroi d’une indemnisation financière aux personnes ayant fréquenté les pensionnats, la Convention prévoit un certain
nombre de mesures destinées à réparer les dommages causés aux nations autochtones du Canada par le programme des
pensionnats. L’une des mesuresles plus importantes a été la création de la Commission de vérité et réconciliation (CVR), dotée
d’un budget de 60 millions de dollars. Après cinq années de collecte d’informations et de consultations, la CVR a présenté ses
conclusions définitives en 2015; celles-cise trouventsur le site Web du Centre national pour la vérité et la réconciliation [2]. Parmi
ces conclusions figurent les Appels à l’action, d’une importance cruciale, regroupés dans une liste comptant 94 « appels» précis. Le
7 appel de la liste est le suivant : 

Il est clair que ces « écarts en matière d’éducation et d’emploi » comportent de beaucoup d’aspects et que des améliorations sont
nécessaires dans de nombreux domaines(par exemple, le financement par élève dans l’enseignement primaire-secondaire) qui
ne concernent pas directement les mathématiques. Cependant, il est également clair, du moins pour nous, que le niveau
d’enseignement des mathématiques est une composante importante du niveau d’éducation et que la réduction de tout écart
global nécessitera une amélioration considérable de l’enseignement des mathématiques à bien des égards. Bien que le 7e appel
s’adresse au gouvernement fédéral, les ressources intellectuelles nécessaires pour y répondre se trouvent principalement dans
les communautés canadiennes des mathématiques et de l’enseignement des mathématiques, représentées par la SMC, la SCMAI
[3] et le GCEDM [4].Notre communauté réagit de multiples manières. Par exemple, les séances extraordinaires des réunions de la
SMC ayant pour thème l’éducation autochtone attirent des conférenciers et conférencières qui présentent diverses initiatives
visant à accroître l’intérêt envers les mathématiques et à en améliorer l’apprentissage dans diverses régions du pays, ainsi qu’un
public enthousiaste et engagé. 

Le comité de la SMC pour la réconciliation en mathématiques a été créé pour veiller à ce que cette communication et cet échange
d’idées restent efficaces, et pour générer des initiatives à l’échelle nationale afin d’améliorer les possibilités d’accès à la force des
mathématiques pour la population étudiante et les chercheurs et chercheuses autochtones. Voici quelques exemples de la façon
dont ces possibilités pourraient être améliorées : établir un soutien systématique à la préparation et à la formation en cours
d’emploi du personnel enseignant du primaire afin qu’il maîtrise les mathématiques, en particulier pour le personnel qui prévoit
d’enseigner dans les écoles des Premières Nations; développer une pédagogie, basée sur des exemples culturels autochtones 

Nous demandons au gouvernement fédéral d’élaborer, deconcert avecles groupes autochtones, une stratégie
conjointe pour combler les écarts en matière d’éducation et d’emploi entre les Canadiens autochtones et les
Canadiens non autochtones.
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[3] https://caims.ca/

[4] https://www.cmesg.org/

[2] https://nctr.ca/documents/rapports/?lang=fr

[5] https://www.kairosblanketexercise.org/francais/

[1] https://www.residentialschoolsettlement.ca/French/IAP_Final_Report_French.pdf

Enfin, à une échelle individuelle, si vous faites quelque chose ou songez à faire quelque chose qui pourrait être en lien avec le
mandat du comité pour la réconciliation en mathématiques, faites-le savoir afin que vos bonnes idées soient diffusées.

Pour en revenir à l’établissement d’un climat de confiance avec les communautés autochtones, le comité pour la réconciliation en
mathématiques pourrait organiser une activité, coordonnée avec les personnes aînées de la nation sur les terres traditionnelles de
laquelle se tient une réunion d’été ou d’hiver, qui sensibiliserait la communauté mathématique à la signification de la
réconciliation ou, plus généralement, aux répercussions de la colonisation sur les Premières Nations. Un exercice des couvertures
[5], s’il est offert, serait également utile lors d’une assemblée générale annuelle.

L’un des principes fondamentaux de la réconciliation se résume par l’expression « rien sur nous sans nous », c’est-à-dire qu’il faut
établir des relations de confiance et répondre aux conseils fournis par les leaders des communautés autochtones. L’une des
difficultés réside dans le fait qu’il existe plus de 50 Premières Nations au Canada, réparties dans plus de 650 communautés, ainsi
que d’importantes populations vivant hors des réserves. Il existe de nombreuses « cultures autochtones » et langues différentes.
Cela dit, la communauté mathématique canadienne, au sens large, devrait s’efforcer d’entretenir des relations avec chaque
communauté ainsi qu’avec les leaders autochtones à l’échelle nationale. Et pour établir des relations, il faut de l’argent. Nous
devons nouer des partenariats avec des entreprises qui ont des intérêts naturels dans le nord du Canada, où les communautés sont
particulièrement coûteuses à visiter. Nous devons instaurer un climat de confiance avec le gouvernement fédéral – la cible du 7e
appel – afin d’obtenir un financement suffisant pour tenir des activités durables.

appropriés, qui développe la pensée mathématique; améliorer l’accès élargi aux possibilités d’enrichissement : toutes les écoles
devraient avoir un programme de cercles mathématiques; et construire un réseau de gardiennes et gardiens du savoir
mathématique autochtone (écologistes, arpenteurs ou arpenteuses, ingénieurs ou ingénieures, ou médecins), afin qu’ils servent
d’exemples pour vivre une vie enrichie par les outils mathématiques. Il ne s’agit là que d’un échantillon d’idées, et aller de l’avant
avec l’une ou l’autre d’entre elles constitue un défi.
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Un petit homme qui n’était pas là – Notes de la SMC

Éditorial

Un petit homme qui n’était pas là

Robert Dawson (Université Sainte-Marie) Éditeur, Notes

Wanzel sur la constructibilité, Galois sur la quintique, Gödel sur la décidabilité : l’histoire des mathématiques
est pleine de résultats de ce type. Certains disent : « Si vous ne pouvez pas les vaincre, joignez-vous à eux. »
Nous disons : « Si vous ne pouvez pas le prouver, prouvez que vous ne pouvez pas le prouver. »

Il est difficile de savoir contre quels problèmes les premiers mathématiciens se butaient jusqu’à ce qu’ils se
rendent compte de leur erreur, car jusqu’à récemment, il n’était pas commun de parler de lacunes. Il n’y a pas de
note dans les écrits d’Euclide demandant si une âme intelligente pourrait prouver le postulat des parallèles!
Néanmoins, lorsque nous regardons la structure du premier livre, avec l’utilisation de ce postulat retardée
presque aussi longtemps que possible, nous pensons qu’Euclide a dû réfléchir à la question, même s’il n’a pas
fait la percée et n’a pas inventé la géométrie non euclidienne.

En juin dernier, j’ai écrit au sujet des dérives
majeures dans diverses sciences, comme la
trisection de l’angle, l’alchimie et le mouvement
perpétuel. Récemment, je me suis mis à réfléchir au
rôle, en particulier en mathématiques, des dérives
mineures : les essais infructueux expliqués par les
équipes de recherche qui les ont tentés.

Comme pour un grand volet des mathématiques, nous pouvons remonter au moins jusqu’à cette croisière
apocryphe de la confrérie pythagoricienne, au cours de laquelle un certain Hippase a été (ou pas) envoyé faire
de la géométrie avec les raies et les baudroies pour avoir prouvé (ou peut-être révélé) que la diagonale d’un
carré et son côté n’étaient pas commensurables. Si ce simple petit résultat a tant surpris le comité de
titularisation et de survie, c’est qu’il devait être quasiment le premier du genre.

Cette histoire nous mène à penser qu’Hippase (ou peu importe le personnage) a commencé par essayer de
prouver le contraire, c’est-à-dire de trouver le rapport (rationnel, car il s’agissait des seuls nombres dont on
disposait à l’époque) entre le côté et la diagonale. Cette tentative ayant échoué, il (ou peut-être elle : on dit
que la communauté pythagoricienne était mixte) a eu un éclair d’inspiration et a fait ce que des milliers
d’entre nous ont fait depuis : il a changé de camp et a déclaré, ou plutôt prouvé, que le jeu n’en valait pas la
chandelle. Le reste appartient à l’histoire, et nous en sommes plus riches.
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In the late 1990s I began to teach courses in the history of astronomy and cosmology as a complement to my existing
courses in the history of mathematics. I was very impressed by John North’s Measure of the Universe [14], a history of
cosmology from the end of the 19th century to the 1960s. The book explores its subject from historical, scientific and
philosophical viewpoints. In terms of historical sophistication and seriousness, it vastly betters popular works on
astronomy that include historical surveys. It is one of the  finest books of professional history of science over the past
sixty years.

The Birth of Modern Cosmology – CMS Notes

CSHPM Notes

The Birth of Modern Cosmology

Craig Fraser (Institute for the History and Philosophy of Science and Technology, University of Toronto)

Amy Ackerberg-Hastings,  Independent Scholar (aackerbe@verizon.net)
Hardy Grant, York University [retired] (hardygrant@yahoo.com)

CSHPM Notes bring scholarly work on the history and philosophy of mathematics to the broader mathematics commu-
nity. The authors are members of the Canadian Society for History and Philosophy of Mathematics (CSHPM). Comments
and suggestions are welcome; they may be directed to either of the column’s co-editors:
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The Birth of Modern Cosmology – CMS Notes

Figure 1. John North (1934–2008) and The Measure of the Universe (1965). The Independent; the author’s copy of [14].

In 2006 I published The Cosmos: A Historical Perspective, a book based on my courses’ lecture notes and aimed at a
broad academic and student audience [5]. One subject discussed in this book that has engaged me more recently
is the emergence of modern cosmology in the period from about 1912 to 1935 [6]. The first decades of the 20th
century witnessed one of the most remarkable coincidences in the entire history of science. On the one hand
there was the development of a new mathematical theory of gravity by Albert Einstein, followed by his
publication in 1917 of a geometric model of the universe based on this theory [3]. In developing this model
Einstein was not at all engaged with astronomy. Rather, he was concerned with certain questions in the
foundations of physics related to something known as Mach’s principle (see [19]). At the same time that Einstein
was working on his new theory, the astronomer Vesto Slipher had established in Flagstaff, Arizona, a program of
spectroscopic observation of spiral nebulae. Slipher’s research program had no connection whatsoever with any
of the developments underway in theoretical physics. To the astonishment and sometimes disbelief of
astronomers, Slipher found that the nebulae possess large redshifts, orders of magnitude larger than those of
any celestial objects in our galaxy. It was also found in these observations and subsequent ones that there is at
least a rough correlation between the faintness of the nebulae and the size of their spectral shifts [16; 17; 18].
Slipher’s observations were perhaps the most unprecedented and significant discovery in the whole his- tory of
astronomy.
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The Birth of Modern Cosmology – CMS Notes

Figure 2. Vesto Slipher (1875–1969) and the Clark 24” Refractor at the Lowell Observatory in
Flagsta f, Arizona. Wikimedia Commons and Clio: Your Guide to History.

As the 1920s unfolded there were exciting developments in both observational astronomy and relativistic cosmology [11,
12, 13, 20]. Astronomers recognized that the spiral nebulae are very distant objects external to the Milky Way galaxy.
Further spectroscopic work by Edwin Hubble and Milton Humason at Mount Wilson established that there is a linear
relationship between distance and redshift, a result presented in 1929 in a famous paper [8]. Meanwhile researchers in
relativistic cosmology devised various geometric models, “invented universes” in the words of one historian [10]. In 1922
the Russian mathematical physicist Alexander Friedmann published a geometric model of an expanding universe.
Although Friedmann did not refer to contemporary astronomical work, it is important to note that he cited writings by the
Dutch mathematical astronomer Willem de Sitter and English astrophysicist Arthur Eddington in which Slipher’s
observations were discussed. Later in the decade Georges Lemaître developed mathematical models similar to
Friedmann’s, but he presented them as actual physical descriptions of the universe.

Eddington was an admirer of the general theory of relativity and its formulation in terms of differential geometry. In his
1920 book, Space, Time and Gravitation: An Outline of the General Theory of Relativity, he wrote, “a geometer like Riemann
might almost have foreseen the more important features of the actual world” [1, p. 167]. It is then not surprising that
Eddington believed that the distance-redshift law, although discovered by
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The Birth of Modern Cosmology – CMS Notes

Figure 3. Artist concept of the James Webb Space Telescope (2022), an infrared orbiting telescope. NASA.

astronomers, was foreshadowed in the work of theorists. In his 1933 book The Expanding Universe he wrote, “These
observational results are in some ways so disturbing that there is a natural hesitation in accepting them at their face value.
But they have not come upon us like a bolt from the blue, since theorists for the last fifteen years have been half expecting
that a study of the most remote objects of the universe might yield a rather sensational development” [2, p. 2].

One of the leading pioneers of relativistic cosmology was the American mathematical physicist Howard P. Robertson. In
1949 the volume of essays Albert Einstein: Philosopher-Scientist was published to honor Einstein on the occasion of his 70th
birthday. Robertson contributed the essay “Geometry as a branch of physics.” Although Robertson was primarily
concerned here with questions in the foundations of geometry, he did refer to the general theory of relativity. He called
attention to the empirical success of this theory, presumably referring to eclipse observations and predictions of the
motion of the perihelion of Mercury. However, he put forward the following remarkable assessment: “Einstein’s achieve-
ments would be substantially as great even though it were not for these minute observational tests” [15, p. 329]. It is
difficult to imagine a more complete statement of the theoretical viewpoint than this one.

General relativity and theoretical physics have continued to play a major role in cosmology, a fact that is evident in current
inflationary theories of the early universe. The discovery of cosmic acceleration in the 1990s—the most significant event in
cosmology since the discovery of the cosmic background radiation in 1964—required theoretical mathematical
calculations of the rate of universal expansion. Nonetheless, technological innovation and an embrace of practice is a
pervasive characteristic of modern cosmology. Nobel prizes are awarded to observational cosmologists such as Arnold
Penzias, James Peebles or George Smoot and not to theoreticians such as Robert Dicke, Alan Guth or Edward Witten. The
place of theory has been usurped by technology. Indeed, the eminent astronomer Martin Harwit sees the technological
character of modern astronomy as its defining and redemptive feature [7].

Historian of science Paul Forman maintains that an historic shift occurred at the end of the 20th century, from a
conception of science and theory as primary relative to technology to a conception of technology as primary relative to
science [4]. Forman sees the shift from the primacy of science before about 1980 (a primacy which he repeatedly describes
as “preposterous”) to the primacy of technology after 1980 as the defining feature of a wider shift in the cultural zeitgeist
from modernity to postmodernity. In the writings of scientists such as Eddington and Robertson one  finds an unequivocal
commitment to the primacy of theory relative to technology, of science relative to practice. Both the emphasis on theory
among cosmologists from the 1920s through to the 1970s, and the exponential growth of technology and observational
work since then are consistent with the cultural and historical schema identified by Forman. By the early years of the new
millennium the noted philosopher Don Ihde could assert that “Science is embodied in its technologies, and technologies
determine what is science” [9, p. 431].
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Cosmology advances today through a myriad of technological tools—radio, optical, infrared, x-ray and gamma-ray
telescopes; satellite probes and orbiting observatories; computer modeling and simulation; adaptive optics, LED
devices, neutrino detectors and gravitational wave interferometers. The Webb Space Telescope is providing an
array of dazzling images and is also probing the structure of the early universe. But for all the prominence of
technology, we should in the final analysis remember the role theory also plays in interpreting these findings and
reveal- ing the nature of the cosmos.
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Education Notes

Notes on Transitions from Arithmetic to Mathematics

John Mason (Open University & University of Oxford)

48 + 69 – 49 – 68 = ?

The session title was

A second task followed on:

Given this opening task, what is your immediate action?

Kseniya Garaschuk, University of Fraser Valley (kseniya.garaschuk@ufv.ca)
 John Grant McLoughlin, University of New Brunswick (johngm@unb.ca)

School Arithmetic is to Mathematics,
as Making Sounds is to Music:

some pedagogically supported transitions
from arithmetic to mathematics

My starting point is that arithmetic (calculations with numbers) is NOT in itself mathematics. Mathematics is the study of relationships,
so arithmetic becomes mathematical when the objects of study are relationships between numbers and beyond. 

Education Notes bring mathematical and educational ideas forth to the CMS readership in a manner that promotes
discussion of relevant topics including research, activities, issues, and noteworthy news items. Comments,
suggestions, and submissions are welcome.

So too, school arithmetic is concerned with naming numbers and performing calculations, accurately and swiftly. But that is analogous to
making sounds. What really matters, what created mathematics, is recognition and study of relationships between numbers.

Making sounds is making sounds; when sounds follow in some sort of sequence, they may become or may be experienced as a tune, and when
they are made together, they may be experienced as harmony. Both tunes and harmony are relationships between sounds.

People o ten start calculating: 48 + 69 then subtract 49 etc. They enact the first action that becomes available to them. An alternative is to
become aware at some point, perhaps as they sub-vocally read the numbers, that there is a +40 and a –40, a +60 and a –60 etc. so that the
answer is 0, without explicit calculation. Pedagogically and mathematically this is the use of pausing to consider alternatives to the  first
available action, in case there is something more efficient just below the surface.

The content here augments the Powerpoint (PPT) slides of a presentation to The Fields Institute Mathematics Education Research
Forum in January 2023. The slides can be viewed via the link here: http://www.pmtheta.com/jhm-presentations.html
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Interlude

Attention

A third task followed

748 + 369 – 769 – 348 = ?

Methodological Stance

748 + 369 + 251 – 761 – 358 – 249  = ?

I have found the following distinctions useful in attending to how I am attending to things mathematically:

The session involved a sequence of tasks which can be found in the PPT. These notes act as re lections on the experience of undertaking them.

I actually began the presentation with some remarks about my fundamentally phenomenological stance, emphasising that what was
available from the session was what people noticed about how their attention shifts, in relation to the ‘attention conjecture’:

Alerted to looking out for relationships, you might immediately see that the answer is again 0. The reason is that each digit appears in the same

tens-place in both a + and a – number. But to do this requires either a sensing of a relationship while sub-vocally reading, or intentional movement
of attention between details of the numbers, seeking out relationships.

Put another way, breakdowns in classrooms may o ten be due to di ferent people attending to di ferent things or attending to them differently.
For example, while the teacher is attending to an example as an instance of a general property, learners may be attending to specific details in the
example, or to relationships between those details. What the teacher says may not connect with or make sense to the learners. Consequently as a
teacher it is vital not only to be aware of what I am attending to, and how I am attending to it, but also what pedagogic actions could be invoked in
order to direct learner attention appropriately.

Something similar is available. I then asked people to construct their own task ‘like this’; then another; then another. Well aware that this sort of
task was unlikely to challenge the people present, I proposed that their aim in the session could be to try to catch how their attention shi ts, and
how the way in which they attend, shifts. For it seems to me that learning mathematics is essentially about learning what to attend to, and in what
ways.

Holding Wholes (gazing)

Perceiving Properties as being instantiated

Discerning Details (which can then become wholes for further gazing)

Recognising Relationships (amongst discerned details; amongst relationships; …)

when teacher and learners are attending to di  ferent things, and even when attending to the same
things but di ferently, communication is likely to be impoverished. 
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Tracking Arithmetic

Expressing Generality

Multiple Expressions of the Same Generality

For me, algebra is about expressing and manipulating generality, despite most textbooks since the 15
‘arithmetic with letters’. Questions such as 

A third context in the PPT analyses an ancient Egyptian task, showing how I think it was meant to be used with learners as an instance to
be generalised. I use tracking arithmetic to achieve the intended generalisation.

 century describing algebra simply as

The overall structure of the session is to remind people of three pedagogic actions which can help ease the transition from arithmetic to
algebra, bearing in mind the observation of my friend and colleague Dave Hewitt, that in order to do arithmetic, you have to think
algebraically.

The shift from recognising a relationship to perceiving it as an instance of (a more general) property may be the single most important
experience to make mathematics engaging and learnable. Captured in the slogan ‘seeing the general through the particular’, and its converse,
‘seeing the particular in the general’ (Mason & Pimm 1984), these shi ts can reveal mathematics as a constructive, creative human endeavor,
rather than a collection of procedures to internalise, and in particular, can turn the tedium of arithmetic into the wonder of mathematics.

Algebraic manipulation arises for me because when di ferent people express the same generality, they o ten express it quite differently. Different
people discern different details and hence different relationships. There ought to be a way to go between expressions, without having to resort
to the original situation. In other words, the rules for manipulating algebra turn out to be the same as the rules for manipulating arithmetic and
so provide a taste of perceiving properties which are instantiated in calculation, whether arithmetic or algebraic.

lie at the heart of algebra-refusing. Algebra has, over the span of my career, been the principal watershed in mathematics for learners, with fractions
a close second. Experiencing the expressing of generality, not just a few times, but on every possible occasion, helps to internalise expressing

generality as one of the things that mathematicians do, because of the power it unleashes. Individual exercises turn into classes of problems with a

common approach (the generality, of which each is an instance). I have been known to claim that

In the PPT I used two different contexts to illustrate the principle of tracking arithmetic, which was inspired by the writing of Mary Boole (Tahta
1972). The idea is to choose one or more parameters in a task and to isolate them from calculations, so that their presence is constantly visible. Once
the calculations are finished, each parameter is exchanged for a symbol: at first, a single parameter is replaced with a little cloud, representing ‘the
number that someone (I usually refer to my wife at this point) is thinking about’. The notion, the experience, of generality is immediate. Doing this
a few times is rarely problematic in classrooms, and using the cloud has helped me show algebra refusers that there is nothing frightening or
abstract about algebra.

Reasoning on the basis of agreed properties

Why would you manipulate letters? When will that be of value to me?

a lesson without the opportunity for learners to express mathematical generality is not a
mathematics lesson.

th
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 and 

 and 

Figure 1: Hexagonal arrays with 2 rows and 5 columns, and
with 3 rows and 4 columns

Figure 2: two pairs of ‘seeings’ to be interpreted as expressions of generality.

 suggesting 2r + 2c + 2

 suggesting 2(r+1) + c

Interestingly some people wondered whether the fact that 2 + 5 = 3 + 4 had any relevance (I had not noticed it in preparation), illustrating how
different people attend to different things, and how, if the teacher is present, there are ongoing issues of when and how to intervene in order
that learner attention is directed in fruitful directions.

The task is to express how many hexagons would be required to surround a display of r rows and c columns of hexagons, as illustrated in these
two examples.

Notice that in the first diagram the columns rise and fall alternately, while in the second, they fall and rise alternately. This a dimension of
possible variation which leaves the overall notion of an ‘array’ invariant. Once a sense of array is established, these two diagrams can be seen as
instances of the property of ‘being an array’ of hexagons. Drawing attention to the action of considering what is the same and what is di ferent, or
what is allowed to change and what not, are key pedagogic actions which, once internalised by learners, become mathematical actions which
they can enact for themselves in the future.

I then initiated the pedagogical action of inviting participants to make sense of various expressions of generality. An alternative would have been
to invite participants to express their own generalities and to illustrate these with shadings, but I knew this would take longer, and my concern
here was in providing opportunities to catch shifts of attention within limited time. Furthermore I wanted to emphasise the need to check
expressions on other examples, and to develop a narrative which justifes the conjectured expression.

In the PPT I use a slightly unfamiliar context, namely hexagons, and because I was inviting people to catch shifts in their attention, I chose to
display several ways of expressing the same generality rather than inviting people to spend time expressing that generality for themselves. Both
pedagogies call upon shifting attention of course, but I wanted to remind participants that there are different pedagogical actions that can be
initiated.

I anticipated that time would need to be spent negotiating and coming to terms with the notion of an ‘array’ of hexagons with r rows and c
columns. Recognising the ’presence’ of arrangements of shaded hexagons conforming to 2 rows and 5 columns in the first diagram, and 3 rows and
4 columns in the second is likely to lead to considering what is the same and what is different about the two diagrams, about the specified number
of rows and columns in each and hence about the relationships which determine what an array is. 
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Sundaram’s Conjecture

Mathematical Version of Tunes and Harmony

Figure 3: a further pair of shadings

Figure 4: Sundaram’s original grid

The PPT slides have two further opportunities for expressing generality and for equating different expressions as motivation for
algebraic manipulation, all involving hexagons.

Sundaram’s grid is one of my favourite contexts for inviting recognition of relationships, expression of generality, and the use of manipulation to
verify a conjecture. The situation has low threshold (I have used it with primary teachers) and high ceiling (different directions for exploration
and generalisation).

I intended the first diagram in Figure 3 to illustrate how easy it is to be misled by what is fixed and what is variable when expressing generality.
Looking only at the 2 by 5 array it might be tempting to conjecture 2(c + 2) + 2 for the number of bordering hexagons, seeing the white hexagons
as fixed rather than depending on the size of the columns of the array. Looking at the second diagram as well, however, reveals that the final 2
ought instead to be 2(r – 1) in general. It is never sufficient simply to ‘express a generality’. It is essential to treat it as a conjecture which has to be
justified with some sort of a narrative linking the situation with the expression. Hence the importance of personal narratives for establishing and
for beginning the internalisation of a way of thinking, and the value in checking against a further example can both be seen.

Figure 4 shows a grid of numbers in which each row and each column form arithmetic progressions. This means that the invitation is to see the grid
as extending effectively infinitely both to the right and up. Sundaram’s claim (Honsberger, 1970; Ramaswami Aiyar, 1934) is that if you take the
entry in any cell, double it and add 1, the result will be composite (not prime).

For example, in Figure 2, the crosshatched hexagons on each side of the  rst pair of arrays are one more than the number of rows, because of the way
hexagons pack. The white hexagons correspond to the columns of the array. This action constitutes ‘reading an expression in the context of the

situation’, and so justi es the expression in general by seeing the general through the particular.  This is the essence of tracking arithmetic in
shi ting from recognising relationships between discerned details, and perceiving a property as being instantiated in the particular examples.
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Challenge

Series and Parallel Arithmetics

Consider the following situations:

Suppose then that p = r x a, read as “it takes an amount a at rate r to produce p” or as “p is produced from a due to a resistance of r”.

The analogy between sound is to music as arithmetic is to mathematics brought to mind the notions of series (as in tunes) and parallel (as in

harmony).  It turns out that there are actually two completely parallel arithmetics of fractions, well worth exploring, and deserving of much more
care than there is space for here. (See Ellerman web references for elaboration.) They arise in traditional Medieval and Victorian word problems

based on a multiplicative relationship such as 

An applet which makes it possible to construct different Sundaram Grids, formulate and check Sundaram-Conjectures and check the
parallelogram property is available with the PPT at the website given above.

Posing your own problem is usually much more interesting than responding to someone else’s challenge. Stop for a moment and see what
further questions come to mind.

I wanted to provide something that would challenge sophisticated mathematicians in the audience, well aware that I might not have time to get
to them in the session. 

In order to justify his conjecture, it is necessary to find an expression for the entry in the rth row and the cth column, and then to show that
doubling and adding 1 leads to an expression which factors non-trivially. Indeed, treating the grid as effectively infinite in all directions,
Sundaram’s conjecture can be shown to hold everywhere (extending to the left and down as well) except in one or two specific rows and columns.

SPOILER ALERT! I asked myself how many entries and in what positions can be specified in a grid so that it can be completed to a unique
Sundaram- like grid in which each row and each column is an arithmetic progression. (Notice the shi t from recognising relationships to perceiving
a property, and then considering other instances.) How would the Sundaram conjecture have to be modified for other Sundaram-like grids? Also,
select any four cells on the vertices of a parallelogram, and consider the difference between the sums of diagonally opposite cells of the
parallelogram. How is this related to the size of the parallelogram?

Volume =  low x time

distance = speed x time

Voltage = current x resistance

(number of objects) = (objects per person) x (number of persons)

If r1 and r2 are happening together for the same amount a, then p = (r1 + r2)a is the combined effect achieved,
so the combined rate is r = r1 +r2 and this is the familiar addition of rates (fractions) known as
series (ordinary) addition.
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Denoting ‘parallel addition’ by  then

Closing Remarks on Research in Mathematics Education

My last two slides (there was only time to show one of these) raised some concerns and observations about research in mathematics education.

Pedagogically, considerable time would of course be required working with specific multiplicative relationships and the associated discourse
in order to internalise these actions. It is the heart of many ever-popular word problems.

A mathematical move is to perceive parallel addition as a property, and to explore the arithmetic arising from using it as the ‘addition’ in a ring
(two binary operations with standard arithmetic properties).

What is perhaps somewhat surprising is that parallel addition of fractions (rates; ratios) satisfies all the properties of series (ordinary) addition,
such as commutativity, associativity, and distributivity of multiplication over the addition. So there are opportunities to get a glimpse of
mathematical structures as sets of objects satisfying certain properties. 

Working together, 

Working together to achieve p, 

together they need an amount 
by analogy to electrical resistance.

  so

If r1 and r2 are working jointly to achieve a  fixed p,
then required to produce p individually.

 and 

 expresses parallel addition in terms of series addition

  expresses series addition in terms of parallel addition.

 which makes the joint (parallel) rate 

If a1 and a2 are each required to achieve p separately, then they operate at rates of  and 

 are the corresponding amounts

  to achieve p together. These are known as parallel addition,

  respectively.
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Obvious responses include

First, what is research in mathematics education for? Whom does it serve?

The result of an extensive body of observations and studies is the growth of theories. What is the role of theories?

I see frameworks as sets of labels for distinctions which can be made by an observer. Frameworks very often acquire the label ‘theory’, meaning
that authors and researchers seem to be saying that the distinctions ARE what is going on, rather than simply possible distinctions to be made by
an observer. I am mindful of Humberto Maturana’s famous adage: “everything said is said by an observer “(Maturana 1988). 

Academic careers?

Informing choices?

Making predictions?

Path of personal development?

Improving the experience of learners?

Classifying learners and classifying situations?

Publications are the primary basis for appointment and promotion

Surely this is the originating force to engage in research, though the others may come to dominate

As a practitioner, trying to make more coherent sense of my practice and its implications for learners

Theories are generally expected to make predictions: if such and such conditions are present, then such
and such is likely (will?) be the outcome.

Through recognising specific details, suitable pedagogical and mathematical actions may become
available to enact

Each theoretical frame consists of a collection of distinctions (eg levels, or stages, or competencies, or

achievements, or what is noticed, or …), leading to assessment and evaluation of both learners and teachers
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The question is whether making those distinctions actually makes a difference (Bateson 1973) in how the teacher acts, and hence how the learners’
experience is enriched. That is why I adopt a fundamentally phenomenological stance, concerned with the lived experience of teaching and doing
mathematics. Given the complexity of human beings, aspiring to make predictions seems to me to overlook the essential humanity of teachers
and learners. Frameworks of distinctions are what I  find useful.

The PPT ends with a long list of my own publications that kept coming to mind as I prepared the session. These are but a drop in the ocean of
useful and insightful observations of many different authors. But what matters to me is not the ‘body of knowledge’, but rather the development
of the mathematical being of each teacher, each learner, and each researcher.

I have long maintained that an architectural image of mathematics education is not appropriate: research does not contribute to building a
structure of ‘knowledge’. This is evident from looking at the topics of research papers over the last 50 years. The same topics come up, o ten but not

always cast in fresh discourse. Certainly each generation has to recast insights of the past in its own vernacular. But mathematics education for me is
a context for personal development, with the underlying assumption that developments in learners’ experience will follow as a consequence. It is

not a matter of replacing old insights with fresh and more precise ones, but rather that each teacher has to develop their teacherly-self with their

own sensitivities to notice, with associated mathematical and pedagogical actions to initiate. It is a matter of developing a positive relationship

between the teacher, the content (mathematics and mathematical thinking), and the learner.
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MOSAIC

How to Support Students and Colleagues Experiencing Abusive Relationships

Karen Meagher (University of Regina) Chair, Women in Mathematics

Interview

Preamble

Me:  That’s an astoundingly high number.

Me: How prevalent is intimate partner violence?

Me: How prevalent are sexual assault and harassment on campuses?

Lynn: When we look at sexual violence, we’re looking at about one in four.

Me: That’s interesting. I had a friend who had an issue where there was sexual harassment, and some male colleagues didn’t take it seriously.
I wonder if they didn’t understand the type of violence and were interpreting it as what would happen to them.

Lynn: The latest statistics, I think it’s four years old now, over 70%, 72%, I believe, of individuals that go to university identify that they’ve
either experienced or witnessed sexualized behaviours or unwanted sexualized behaviour.

This MOSAICS article is a hard, but important topic. Last September, for the NSERC Science Literacy Day, I was part of a group that organized
an event called “Careers in Mathematics: They’re Everywhere!” We invited several women with interesting careers in math to talk about their
experience and give younger folks career advice. These women spoke about their different paths and the different challenges they faced, this
included some very personal and very hard conversations.

Men also experienced intimate partner violence and we don’t really have a good understanding of the numbers. What we do know is that more
women will end up hospitalized or dead as a result of violence, so the kind of violence is different. [Women] are more likely to fear for our lives
in intimate partner violence.

Lynn: Yeah, when people hear that number, they think that’s not a possibility, like there’s no way. But the truth of the matter is that those are
the numbers, and if you come from within the LGBTQ2s, BIPOC communities and people with disabilities will experience more violence.

One of our speakers shared her experience surviving a violent abusive relationship with her supervisor many years ago when she was a student.
She has long since left the relationship and has gone on to have a tremendously successful career. But it was important that she share this story
because people who are in abusive relationships need to know that they can get out and thrive afterwards. Our speaker noted that one thing that
made the whole situation even worse was that her colleagues didn’t realize what was going on.

Professors, and other people in leadership roles, need know how common these situations are, and they need to know how best to support a
student or colleague in an abusive relationship. So, for this MOSAICS article, I did an interview with Lynn Thera, Master of Social Work, Registered
Social Worker. Lynn is the Coordinator, Sexual Violence Prevention and Response, at the University of Regina Sexual Violence Prevention and
Response Office. We talked about sexual violence and abusive relationships with a focus on what happens on campuses across Canada, with a focus
on what professors need to know and how to support students going through this. There are also comments from a student about what approaches
helped her when she was leaving an abusive situation. This is a difficult topic, but with a little bit of knowledge we might be able to help a student
in need.
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Lynn: It’s fairly new, but it’s becoming more of a thing that’s being included.

Me: What advice would you have for a student or staff member if they have a problem?

Me: Are there signs or indicators that a professor could use to spot if a student or colleague needs help?

Me: That sounds terrible, what services are available on most campuses? And how are you a part of that?

Me: Is it standard for universities across Canada to have a policy that explicitly explores power differentials?

Me: Are university policies effective? We know that power structures are very important, and understanding the context is important. It’s hard
to encode that into rules and regulations.

Me: So what resources are available on this campus or most campuses across Canada for people who are in abusive relationships
or experiencing gender based violence?

Lynn: It’s really important to recognize that part of the violence is keeping secrets. That’s part of the reason it keeps going. So, you might see
signs, but it’s not going to be like bruising. What you might  find is the person will say that they have to be home at a certain time, or their
partner is looking for them; so you might see controlling behaviours.

We look at what happened with the Me Too Movement and that sort of the voicing of the violence women are experiencing what is actually
being seen. Things that used to be silenced are no longer being silenced, so no, it’s no longer acceptable.

Lynn: One hundred percent. When we look at the way women walk the world, it’s different than the way men do, just simply because we’re
raised to know that the world isn’t safe for us. We know people that have been sexually assaulted or have experienced intimate partner
violence.

Lynn: There is this office [the University of Regina Sexual Violence Prevention and Response Office] and counseling services, I can connect
them to residences or shelters. Shelters can help with social systems and the legal issues that come with domestic violence. The Student Union
is also a good bet, but there’s not a lot of extra funding.

Most people in abusive situations feel that they’re not being seen. So what I say is, don’t go to them and say, “Hey, I think you’re in an
abusive situation.” Your best bet is to say things like, “Do you need anything? If you ever need anything, let me know.” A simple comment
like, “Are you okay, is there anything I can do for you?” is enough for that person to see there’s an opening for when they need it. People
won’t necessarily come to you when you think they will. They might come a year later.

Lynn: I’m here for students with a problem and most of our offices are the same way. We understand the complexities of intimate partner
violence. We understand the complexities of a sexual assault. I get a lot of professors that will do a soft referral so they’ll tell the student to “go
talk to the Sexual Violence Prevention and Response.”

Lynn: We have the Sexual Violence Prevention and Response Office, and so does almost every other university. Part of my job is education; the
other half of my job is supporting individuals that have experienced sexual assault or intimate partner violence.

Lynn: When I came in, one of the first jobs I had to do is create a new sexual violence policy. The good thing about this new sexual abuse policy
Sexual Violence/ Misconduct is that it mentions prohibited relationships and that means certain relationships are considered prohibited
because of the power differential between students and professors, supervisors, and coaches. These relationships can be had but there needs
to be approved by supervisors- the policy aids in clearly exploring the power differentials in certain relationships.  Policy is that people with
power — that means professors — have to understand their privilege and their power. And you can’t have a [romantic] relationship with your
graduate student because you have to understand your power and privilege.

When we look at sexual harassment we all know situations where we feel powerless because there’s a power differential. We have a society
that’s based understanding of violence on a bunch of myths that aren’t really true. [Those myths] create victim blaming or the silencing of
individuals that experience violence. We often blame the survivor and say, “What did she do?” or, “She’s just being silly. He didn’t mean it that
way.” Those are all comments we use to silence people.
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Things that helped

Me: Any  final comments?

Me: How effective is the campus reporting process, and what can be done to make it more effective?

Me:  What sort of damage is done with abusive behaviour and sexual harassment and gender based violence?

Lynn: The world is changing. We need to start giving voice to these things that are happening. I think more people are aware of
the problems and are trying to support those that have experienced violence. Things that were acceptable aren’t going to be
acceptable or aren’t acceptable and are being called out.

Lynn: Well, I think that the system works really well. The problem is our society. 98% of people who have experienced violence will not go
through legal systems. And I’m not saying people should go through the system. I’m just saying we’re silenced because we’re often
blamed.

When you feel unsafe in an environment, you feel less likely to communicate and you are less likely to talk about what’s going on. If
you experience sexual violence when you’re in university you’re likely to  nish your degree or you will take an easier degree, or your
marks will su fer. This has a long-term e fect on your ability to make money later in life.

Lynn : There’s a lot of damage that can be done if you feel like you’re not being taken seriously because you’re a woman. Or if you feel
uncomfortable with somebody because they’re making comments. You tend to become quieter; you don’t feel like you belong.

Below are some comments from a student Nita* (name changed to protect her privacy). Nita recently completed her PhD in math,
but in the first year of her program, she left an abusive marriage. Below are her comments about what helped, what is still needed,
and advice to people in a similar situation.

Side bar

When I told my department head, the first thing he asked me was if I needed to take a break and gather myself. It is a big
support when your advisors or course instructors address that you are going through a rough patch and are willing to give
you some time to catch up. Unlike some who tell you to downgrade
because you are not  fit for a PhD.

I liked the security at university, campus security made me feel safe. I did not want to leave campus for the  rst few
months. In my case, my ex and his family tried showing up during my lectures and I had to call campus security twice to
escort me to my room.

The counselling services at university, which are free for students, were really helpful. The women’s centre on campus is a
safe space where you are surrounded by women going through similar things, and you get emotional support without any
judgement.

When I left my home, I was homeless but immediately received emergency funding from Graduate Studies. This helped a
lot with my rent for the first few months and kept me from sleeping in my office. I appreciate the emergency funds
and/or scholarships for anyone who is getting out of domestic abuse.
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What is missing

Advice to Others

Talk to a counsellor if you are confused about leaving an abusive partner.

It is important to let your advisors in on what is going on. If the abuse is coming from your advisor, then opening up to
another professor, head or woman in the department whom you trust and who can guide you.

I have now learned that there are several resources and services on campus such as the women’s centre, counselling
services, wellness centre, and emergency bursaries from student’s a fairs which are a godsend to students in need.

Make friends. My biggest support was my group of friends who stood by me for four years. I don’t know if I would have
been able to get through this without them.

I called all women’s shelters in my city and they did not have an opening for another six months. I think an
emergency shelter, or rooms in residence at the university for students getting out of domestic abuse would be a
great initiative, especially if it could be available at a lower price.
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MOSAIC

Call for Submissions: CMS Notes Mathematics, Outreach,
Society, Accessibility and Inclusiveness Column (MOSAIC)

The Canadian Mathematical Society (CMS) invites you to submit articles to be featured in the MOSAIC
column of the CMS Notes.

Your email submission should include your article in both Word and PDF formats.  Please submit your
article to the EDI Committee at mosaic@cms.math.ca

MOSAIC (Mathematics, Outreach, Society, Accessibility, and Inclusiveness Column) is directed by the CMS Equity,
Diversity, and Inclusion (EDI) committee.

The column offers a space of expression for you to ask, listen, learn, share experience, and propose solutions to build a
more diverse, just, and stronger mathematical community. For instance, you are welcome to submit an article sharing
challenges and successes in enacting EDI initiatives within your university, with competitions, outreach activities, or
other events. 
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La Société mathématique du Canada (SMC) sol l icite des proposit ions de sessions scientif iques et de mini-
cours pour sa Réunion d’hiver 2023, qui se t iendra à Montréal du 1 au 4 décembre.
Conformément à son mandat de proposer des congrès accessibles et accuei l lants pour tous les groupes, la
SMC encourage fortement la diversité parmi les personnes qui organisent ses réunions ou y donnent des
conférences. La diversité s ’applique aux domaines d’ intérêt,  à l ’étape de la carr ière, à l ’emplacement
géographique et aux caractérist iques démographiques.

APPEL DE SESSIONS :

Les proposit ions doivent inclure :  
1 )  Les noms, aff i l iat ions et coordonnées de tous les co-organisateurs de sessions. On encourage les
chercheurs en début de carr ière à proposer des sessions. 
2) Un t itre et une brève description du sujet et de l ’objectif de la session; peut aussi  comprendre un
aperçu du sujet. 
3) Le nombre de conférenciers attendus, avec une l iste de communications et/ou de conférenciers
potentiels pour le thème. Dans la mesure du possible, les sessions devraient respecter la pol it ique
d’accessibi l i té et d’accuei l  de la SMC. Ces groupes comprennent notamment les femmes, les Autochtones,
les personnes ayant un handicap, les membres de minorités vis ibles/de groupes racial isés et les membres
des communautés LGBTQ2+. On encourage également les organisateurs à accepter de nouveaux
doctorants et à rendre la session accessible aux étudiants des cycles supérieurs. 

Appel ouvert de résumés :  La SMC met en place un appel ouvert de résumés pour aider les organisateurs
de sessions dans leur important travai l  et dans leurs efforts d’ inclusion et de diversité.
La SMC vous prie de considérer les soumissions de tout candidat admissible. Nous jusqu’à 30 conférenciers
par session seront accommodés.

Les sessions scientif iques se dérouleront du 2 au 4 décembre 2023. 

La date l imite pour présenter une proposit ion de session ou de mini-cours est le lundi 31 jui l let 2023. Une
deuxième date l imite sera f ixée au 1er septembre 2023, mais les demandes antérieures seront examinées
en premier l ieu. Toute demande doit être envoyée aux Directeurs scientif iques et le bureau de la SMC doit
y être copié. Vous trouverez ci-dessous leurs coordonnées :  

François Bergeron : bergeron.francois@uqam.ca
Simone Brugiapaglia: simone.brugiapaglia@concordia.ca  
Alina Stancu: alina.stancu@concordia.ca 
 
Sarah Watson: meetings@cms.math.ca

Réunion d’hiver 2023 de la SMC | Montréal, Québec
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2. Site

3. Logement

1. Localisation

4. L'université hôte

Appel de mises en nomination pour les universités hôtes: hiver '25 et été '27

Veuillez brièvement décrire votre institution et votre département.

(Pour la Réunion d’été) Une description de votre Université où aura lieu la réunion.

Comment les personnes participant à la Réunion pourront-elles se rendre au lieu depuis l’aéroport?
Pourquoi votre ville intéressera-t-elle les mathématicien.nes canadien.nes?

Quels sont les soutiens financiers offerts par l’Université hôte pour la Réunion de la SMC?
L'université est-elle disponsible pour des appels réguliers et des mises à jour régulièrement sur les progrès de
la Réunion?
L'université hpeut-elle s'engager à fournir au moins un directeur.rice scientifique pour à la réunion?
Selon vous, quel sera le niveau de participation de la part des membres de votre institution?

Dans quel bâtiment se tiendra la réunion et combien de salles sont disponibles pour les sessions et les séances
plénières?
Quel support technologique est disponible dans les salles de session?
Les salles seront-elles disponibles pendant les dates proposées?

Votre Université sera-t-elle en mesure d’offrir un logement pendant les dates de la réunion? La SMC se chargera des
contrats et des négociations auprès des hôtels.

(Pour la Réunion d’hiver) Le lieu de la Réunion : Votre Université est-elle en mesure d’accueillir la réunion sur place? Sinon,
la SMC se chargera de trouver un lieu à l'extérieur de l’Université.

La Société mathématique du Canada (SMC) invite les universités canadiennes à proposer des hôtes pour accueillir la Réunion
d’hiver de la SMC en 2025 et la Réunion d’été en 2027.

Les Réunions de la SMC ont normalement lieu du vendredi au lundi de la première fin de semaine de juin et de décembre,
mais nous sommes ouverts à d’autres possibilités. Les Réunions d’été reçoivent typiquement entre 250 et 350 participant.es
et les Réunions d’hiver entre 400 et 600 participant.es quand elles ont lieu dans de grandes villes. Veuillez envoyer vos
propositions à Sarah Watson (reunions@smc. math.ca).

La SMC se charge du soutien logistique et de toute négociation de contrats auprès des fournisseurs locaux. La SMC est à la
recherche d’universités canadiennes disposées à mettre en valeur leur département et leur université auprès des étudiant.e.s
et des professeur.e.s partout au Canada. Les propositions doivent contenir les informations suivantes:
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Appel d’orateur.rices – Notes de la SMC

Dates Limites

Réunion d'été de la SMC 2023

Appel d’orateur.rices

La SMC encourage les organisateur.rices à examiner les résumés soumis sur une base continue et à accepter tous les
orateur.rices admissibles. Les candidat.es retenu.es doivent s’inscrire à la réunion et soumettre leur résumé sur le site Web de
la SMC avant le lundi 1er mai 2023.

Les candidat.es doivent soumettre leur résumé pour approbation par les organisateur.rices de la session en utilisant notre
formulaire de soumission de résumé au plus tard le vendredi 31 mars 2023. Veuillez soumettre votre résumé pour une seule
session.

La Société mathématique du Canada a créé un processus ouvert de soumission de résumés afin de soutenir les organisateur.rices
des sessions dans leur important travail et dans leurs efforts d’inclusion et de diversité. Nous encourageons les candidatures de
membres qui s’identifient comme faisant partie de groupes traditionnellement sous-représentés, notamment, mais sans s’y
limiter : Les femmes, les peuples autochtones, les personnes handicapées, les membres de minorités visibles et/ou de groupes
racialisés, et les membres de la communauté LGBTQ+. La SMC accueille également les candidatures d’étudiants diplômés.

La Société mathématique du Canada (SMC) vous invite à soumettre un résumé pour participer à l’une des sessions prévues à la
Réunion d’été de la SMC 2023 qui aura lieu du 2 au 5 juin 2023.
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Call for Nominations for the 2023 Fellows of the CMS – CMS Notes

Appel de mises en candidature pour les fellows de la SMC 2023

Pour plus de renseignements sur ce prix, veuillez cliquer: https://smc.math.ca/prix/fellows-de-la-smc/.

Les candidatures doivent comprendre une justification raisonnablement détaillée et doivent être soumises le 31 mars 2023 au
plus tard.

Veuillez faire parvenir tous les documents par voie électronique, de préférence en format PDF, avant la date limite appropriée à
l'addresse suivante awards-prizes@cms.math.ca

Le Programme des fellows récompense les membres de la SMC qui ont fait une contribution exceptionnelle aux mathématiques en
recherche, en enseignement ou en représentations, tout en se distinguant au service de la communauté mathématique
canadienne. Dans des cas exceptionnels, une contribution extraordinaire à l’un des domaines ci-dessous peut être reconnue par un
titre de fellow.

La SMC a pour but de promouvoir et de célébrer la diversité au sens le plus large. Nous encourageons fortement les
directeur.rices des départements et des comités de mise en candidature à proposer des collègues exceptionnel.les sans
distinction de race, de genre, d’appartenance ethnique ou d’orientation sexuelle.
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